ABSTRACT. It is shown that an arbitrary interval of a pseudo-effect algebra is a pseudo-effect algebra and some results concerning Riesz decomposition properties, compatibilities and states are proved.
Introduction
Pseudo-effect algebras introduced by Dvurečenskij and Vetterlein [6] generalize effect algebras, and thereafter all structures that are special cases of effect algebras such as orthomodular lattices, as well as pseudo-MV-algebras (GMV-algebras) that are a non-commutative extension of MV-algebras. The difference is that the partial addition + is not assumed to be commutative, though pseudoeffect algebras retain other essential properties of effect algebras. For instance, the stipulation x ≤ y iff y = x + z for some z defines a partial order. If we look at the intervals in the underlying posets of the aforementioned particular pseudo-effect algebras, we find that every interval of a given structure is the carrier of a structure of the same type, i.e., an interval of an orthomodular lattice is an orthomodular lattice, and an interval of a (pseudo-)MV-algebra is a (pseudo-)MV-algebra (see [1, 2] ). This leads to the question whether every interval of an arbitrary pseudo-effect algebra can be made into a pseudo-effect algebra. The main goal of the paper is to give the affirmative answer. The method we present in Section 2 is applicable to orthomodular lattices and also generalizes our previous results on intervals in (pseudo-)MV-algebras ( [1, 2] ) (cf. Paragraph 3.3). In Section 3 we further focus on the relationships between Riesz decomposition properties, compatibilities and states in a pseudo-effect algebra and its 'interval algebras'.
First of all, we recall the original definition:
Ò Ø ÓÒ 1.1º ([6] ) A pseudo-effect algebra is a structure (E, +, 0, 1) where + is a partial binary operation on E, and 0, 1 are constants, satisfying the following conditions:
(PE1) (x + y) + z is defined iff x + (y + z) is defined, in which case (x + y) + z = x + (y + z);
(PE2) for every x ∈ E there exist unique x − , x ∼ ∈ E such that x − + x = 1 and x + x ∼ = 1;
(PE3) if x + y is defined, then x + y = e + x = y + f for some e, f ∈ E;
(PE4) if x + 1 or 1 + x is defined, then x = 0.
Obviously, if + is commutative (in the sense that x + y = y + x if one side is defined), then x − = x ∼ for all x ∈ E and (E, +, 0, 1) becomes an effect algebra.
The following properties are easily derivable (cf. [6, Lemma 1.4]):
As we have already mentioned, it is not hard to show that, for every pseudo-effect algebra (E, +, 0, 1), the relation ≤ defined by
x ≤ y ⇐⇒ y = e + x for some e ∈ E ⇐⇒ y = x + f for some f ∈ E is a partial order on E such that 0 ≤ x ≤ 1 for all x ∈ E. The poset (E, ≤) is referred to as the underlying poset of (E, +, 0, 1). If (E, ≤) is a lattice, then (E, +, 0, 1) is called a lattice-ordered pseudo-effect algebra. It follows from (1) that x + y is defined iff x ≤ y − iff y ≤ x ∼ , and in this case also x 1 + y 1 is defined for all x 1 , y 1 ∈ E with x 1 ≤ x, y 1 ≤ y. Furthermore, the partial addition + is monotone, i.e., x ≤ y implies x+z ≤ y +z and u+x ≤ u+y for all z, u ∈ E for which y + z or u + y is defined.
In a natural way one can equip E with two partial 'subtractions' denoted by \ and / that are complementary to +; namely, x \ y = e ⇐⇒ x = e + y, and y / x = f ⇐⇒ x = y + f, thus both x \ y and y / x are defined iff x ≥ y, and in view of (1), we have
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In case when (E, +, 0, 1) is an effect algebra x \ y equals y / x and it is common to write x − y for
It is evident by definition that (x + y) \ y = x and x / (x + y) = y whenever x + y is defined. Another important property that will come in use is:
We should observe that (2) entails that \ , / are monotone in one argument and antitone in the other, i.e., if x ≤ y ≤ z, then 
ÓÒÚ ÒØ ÓÒº
In what follows, given a pseudo-effect algebra (E, +, 0, 1), the assignments x → x − and x → x ∼ will be regarded as unary operations on E, so that we may expand the original signature and treat (E, +, 0, 1) rather as the structure (E, +, − , ∼ , 0, 1).
Every interval is a pseudo-effect algebra
We begin with a simple observation that an interval of the form [0, b] of a pseudo-effect algebra is a pseudo-effect algebra. Actually, this can also be found in the paper [4] , but we state the result for an arbitrary element b, whereas in [4] , b is assumed to be a central element. 
Roughly speaking, central elements are those which may be thought of as pairs (0, 1) or (1, 0) for some direct product decomposition of a given pseudo-effect algebra. For details see [4] .
It is apparent that E b satisfies (PE1), (PE2) and (PE3). It also satisfies (PE4) 
ÈÖÓÔÓ× Ø ÓÒ 2.3º Given a pseudo-effect algebra E = (E, +, − , ∼ , 0, 1) and a ∈ E, let us equip the interval [a, 1] with the partial addition + a as follows:
P r o o f. We start by observing that
Consequently, for x, y ∈ [a, 1], (x \ a) + y exists iff so does x + (a / y), in which case we have (x \ a) + y = (x \ a) + a + (a / y) = x + (a / y). In other words, x + a y is defined in E a iff the equivalent conditions (3) are fulfilled, and then
Now, we are able to show that E a satisfies the axioms (PE1)-(PE4).
(PE1) Assume that (
and so x + a y exists as well. Further, x ≤ (y + a z)
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(PE2) Obviously, x − a + a x = (a / x) − + (a / x) = 1. On the other hand, if y + a x = 1, then 1 = y + (a / x) and hence y = (a / x) − = x − a . Analogously, x ∼ a is the only y ∈ [a, 1] such that x + a y = 1. (PE3) Let x + a y be defined. Then with e = ((x + a y) \ x) + a and f = a+(y / (x+ a y)) we have e+ a x = x+ a y = y+ a f . Indeed, (((x+ a y) \ x)+a)+ a x = ((x+ a y) \ x)+a+(a / x) = ((x+ a y) \ x)+x = x+ a y and y+ a (a+(y / (x+ a y))) = (y \ a) + a + (y \ (x + a y)) = y + (y \ (x + a y)) = x + a y. (PE4) Suppose that x+ a 1 or 1+ a x is defined in E a , i.e., (x \ a)+1 or 1+(a / x) is defined in E . Then x \ a = 0 or a / x = 0, which is equivalent to x = a.
Remark 2.4º
(a) The underlying order ≤ a of the pseudo-effect algebra E a is just the restriction to [a, 1] of the underlying order
Since a ≤ x, also a + z is defined and we have
(b) The partial subtractions \ a and / a in E a are given by
(c) Let x, y ∈ [a, 1] and assume that x + y is defined in E . Then clearly x + a and a + y exist in E and we have:
Now, by combining Propositions 2.1 and 2.3 we can organize an arbitrary interval of a given pseudo-effect algebra into a pseudo-effect algebra:
is a pseudo-effect algebra where
We could equivalently start with E a and then construct E b a as (E a ) b , but we leave the details to the reader.
Remark 2.6º
It is plain by Remarks 2.2 and 2.4 that the underlying order of E b a is just the restriction of the underlying order of E , and the partial operations
be an orthomodular lattice. It is known and easy to prove (e.g. [11] ) that for every interval [ 
In the same way we associate the
It easily follows that η(0) = 0 as well as η(
We say that two pseudo-effect algebras are isomorphic if there exists an isomorphism (i.e., a bijective homomorphism) from one onto the other. 
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To prove that η is a homomorphism, assume that
Further remarks

On interval pseudo-effect algebras
In the papers [6, 7] the name interval pseudo-effect algebra is reserved for those pseudo-effect algebras that can be represented as intervals of partially ordered groups in the following sense. Given a partially ordered group G = (G, +, 0, ≤) and 0 ≤ u ∈ G, we let Γ(G , u) denote the pseudo-effect algebra
where + u is the restriction of the group addition + to the pairs of elements of [0, u] whose sum in G belongs to [0, u] , and x
We should observe that for x, y ∈ [0, u] with x ≥ y we have x \ u y = x − y and
Furthermore, it is readily seen that for every 0 ≤ e ∈ G, G e = (G, + e , e, ≤) where
is a partially ordered group again. Obviously, the inverse of x in G e is − e x = e − x+e. Now, if e ≤ u ∈ G, then the operations in Γ(G e , u) = ([e, u],
e , e, u) are given as follows:
Recalling Theorem 2.5, as a direct consequence we obtain: ÈÖÓÔÓ× Ø ÓÒ 3.1º Let E be a pseudo-effect algebra of the form Γ(G , u), and
On Riesz decomposition properties
It is well-known that lattice-ordered groups satisfy the following Riesz decomposition property: If 
This property may be phrased in several ways which are equivalent in latticeordered groups but not in partially ordered groups. Dvurečenskij and Vetterlein [6] used these equivalent formulations in defining the following four versions of the Riesz decomposition property for pseudo-effect algebras: We recall from [6, Proposition 3.3] , that (RDP 2 ) =⇒ (RDP 1 ) =⇒ (RDP) =⇒ (RDP 0 ), while the reverse implications do not hold, and a pseudo-effect algebra satisfies (RDP 2 ) if and only if it is lattice-ordered and satisfies (RDP 0 ).
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Hence in lattice-ordered pseudo-effect algebras the properties (RDP 0 ), (RDP), (RDP 1 ) and (RDP 2 ) are equivalent to each other. 
(ii) Let E satisfy (RDP), and
and by (RDP) there exist z ij ∈ E such that in E we have 
(iv) Finally, assume that E satisfies (RDP 2 ). With the notation of (ii) and (iii) we have z 12 ∧ z 21 = 0 and it is to be proved that (z 12 + a) ∧ (z 21 + a) = a. But this is easily seen because whenever e ∈ [a, b] and e ≤ z 12 + a, z 21 + a, then e \ a ≤ z 12 , z 21 , so e \ a = 0, which is equivalent to e = a. Altogether, E 
On pseudo-MV-algebras
Pseudo-MV-algebras have been introduced by Georgescu and Iorgulescu [9] as a non-commutative generalization of well-known MV-algebras. At the same time, Rachůnek [13] independently defined GMV-algebras, which are equivalent to pseudo-MV-algebras. Let us recall the definition from [9] : A pseudo-MV-algebra is an algebra M = (M, ⊕, − , ∼ , 0, 1) of type (2, 1, 1, 0, 0), where (M, ⊕, 0) is a monoid, satisfying the following identities:
where the term operation is defined by x y = (y
Dvurečenskij and Vetterlein [7] proved that pseudo-MV-algebras are equivalent to lattice-ordered pseudo-effect algebras that satisfy the weak Riesz decomposition property (RDP 0 ). Specifically, if M = (M, ⊕, − , ∼ , 0, 1) is a pseudo-MV-algebra, then the corresponding pseudo-effect algebra M E = (M, +, − , ∼ , 0, 1) is obtained by restricting ⊕ to the pairs (x, y) with x ≤ y − , i.e., x + y is defined iff x ≤ y − , in which case x + y = x ⊕ y. On the other
INTERVALS OF EFFECT ALGEBRAS AND PSEUDO-EFFECT ALGEBRAS
hand, if E = (E, +, − , ∼ , 0, 1) is a lattice-ordered pseudo-effect algebra that fulfils (RDP 0 ), then the pseudo-MV-algebra
It is worth noticing that a direct calculation yields
The correspondence is one-one, i.
Since every interval of a lattice-ordered pseudo-effect algebra satisfying (RDP 0 ) is a lattice-ordered pseudo-effect algebra that also satisfies (RDP 0 ) by Theorem 3.3, it follows that every interval of a pseudo-MV-algebra is a pseudo-MV-algebra. More precisely, let M = (M, ⊕, − , ∼ , 0, 1) be a pseudo-MV-algebra and M E = (M, +, − , ∼ , 0, 1) the associated pseudo-effect algebra. Using Theorem 2.5 and the rule (5)
a is given as follows: ([a, b], , , , a, b) is a pseudo-MV-algebra in which
The question arises whether the two constructions give the same pseudo-MV-algebra on the interval [a, b] . By calculating x y, x and x in the pseudo-
. Indeed, by (5) , for x, y ∈ [a, b] we have:
Using similar arguments we have: 
is a pseudo-MV-algebra. This is a prototypical example of a pseudo-MV-algebra due to the result by Dvurečenskij [3] who proved that all pseudo-MV-algebras are obtained in this way (he generalized Mundici's categorical equivalence between MV-algebras and unital abelian lattice-ordered groups ( [12] )).
Jakubík [10] proved that if M is the pseudo-MV-algebra Γ(G , u), then for
is the lattice-ordered group defined as in Paragraph 3.1.
On compatibilities
Let us recall that two elements x, y in an effect algebra E are said to be compatible if there exist x 1 , y 1 , z ∈ E such that x = x 1 + z, y = y 1 + z and x 1 + y 1 + z is defined in E . If, moreover, x 1 ∧ y 1 = 0, then x, y are strongly compatible.
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In case of pseudo-effect algebras Dvurečenskij and Vetterlein [8] introduced five kinds of compatibility: Ò Ø ÓÒ 3.5º ([8] ) Given a pseudo-effect algebra E = (E, +, − , ∼ , 0, 1), we say that x, y ∈ E are (i) ultra weakly compatible (in symbols x uw ←→ y) if there exist x 1 , y 1 , z ∈ E such that x = x 1 + z, y = y 1 + z and x 1 + y 1 + z or y 1 + x 1 + z is defined;
(ii) weakly compatible (x w ←→ y) if there exist x 1 , y 1 , z ∈ E such that x = x 1 +z, y = y 1 + z and both x 1 + y 1 + z and y 1 + x 1 + z are defined; (iii) compatible (x ↔ y) if there exist x 1 , y 1 , z ∈ E such that x = x 1 + z, y = y 1 +z, both x 1 +y 1 +z and y 1 +x 1 +z are defined and x 1 +y 1 +z = y 1 +x 1 +z;
It is apparent that if E is an effect algebra, then 
We already know that x 2 ∧ y 2 = 0. In order to show that + a) \ a) + (p + a) = q + p + a, so that p + q + a = q + p + a, whence it follows that p + q = q + p is defined in E . We conclude x us ←→ y in E .
However, the reverse implication fails to be true: 
On states
The concept of a state on a pseudo-effect algebra was defined and studied by Dvurečenskij in [5] 
